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ABSTRACT: We present a general relation between the polymer excess in depletion (or adsorption) layers
near a solid surface and the partition coefficient for distributing the polymer over a system of wide pores
and a bulk solution. Using this relation, an analytical theory of liquid chromatography of polymers with
and without specific end groups is constructed. This theory can be applied to size exclusion chromatography
(SEC), critical chromatography (CC), and adsorption chromatography (AC). The dependence of the
retention volume of non-, mono-, and difunctional polymers on molar mass, pore width, and two polymer-
surface interaction parameters is analyzed. One such interaction parameter applies to the main-chain
units of the polymer, the other to the end groups. Several procedures to obtain these interaction parameters
from experimental data are described. It is shown that experiments with well-defined nonfunctional,
monofunctional, and difunctional polymers enable the determination of the surface area of porous and
nonporous materials.

1. Introduction

Liquid chromatography of polymers is widely used for
analytical and separation purposes.1-3 It has long been
known that so-called homopolymers often contain spe-
cific end groups, resulting from, e.g., a residual group
from an initiator or from a termination reaction. Im-
pressive results were obtained for the separation of end-
functional polymers. Using (two-dimensional) cross-
fractionation chromatography with critical chromato-
graphy as the first step, mono- and difunctionals with
one or two end groups, respectively, were separated from
nonfunctional homopolymer.3-10

In this paper we propose to use end-functionalized
samples for determining the fundamental parameters
of a chromatographic system. By varying the chain
length of the polymers and measuring the elution
volume in a given eluent, three important parameters
can be determined: the average pore diameter of the
stationary phase (which is inversely proportional to the
surface area), the (effective) interaction parameter
between the main chain units and the stationary phase,
and the (excess) interaction parameter of the end group-
(s). For homopolymers, there is only one relevant
interaction parameter, the value of which determines
the chromatographic mode: size exclusion chromatog-
raphy (SEC), when the segments are repelled by the
interface (hard-core repulsion leading to steric exclu-
sion), critical chromatography (CC), when the hard-core
repulsion and the segment-surface attraction approxi-
mately balance each other, and adsorption chromatog-
raphy (AC), when this attraction dominates. The pres-
ence of specific end groups may, obviously, affect these
modes. We will present a unified theory in which these
three modes are, in principle, described by one set of
equations. Crossing from one mode to another (which
experimentally can be done by changing the eluent
composition) is accomplished in this model by varying
the interaction parameter(s).

The setup of this paper is as follows. In section 2 we
introduce the basic parameters and the relation between
the elution volume and the excess adsorbed amount. In
section 3 we treat the homopolymer case, expressing this
excess amount as a function of the chain length and the
effective interaction parameter c of the main-chain
units. In section 4 these relations are extended toward
mono- and difunctional polymers, by introducing an
excess interaction parameter q for the end groups. In
section 5 we present the general results, together with
the special cases for SEC, AC, and CC, showing how
the surface area of the stationary phase and the
interaction parameters q and c can be determined from
the elution diagrams. Finally, section 6 gives a short
discussion, which includes some implications for experi-
mental systems.

2. Parameters and Basic Equations

2.1. Parameters and Model. Figure 1 gives a
schematic picture of the model system. The polymer is
characterized by the chain length N, which is related
to the radius of gyration R by R ) xN/6, in units of the
bond length (Kuhn length) b. We restrict our treatment
to ideal chains, assuming that the relation between R
and N is not affected by the eluent composition (or by
the presence of end groups).

The solid phase is characterized by the pore diameter
(slit width) D, also in units b. We treat the case of wide
pores (D . R), which is the most common situation in
liquid chromatography. The pore diameter may be
expressed in the area S of the stationary phase by the
relation Db ) 2Vp/S, where Vp is the total pore volume.
This relation is appropriate for slit-like pores, which is
the model we use. For other geometries still D∼Vp/S,
but the numerical coefficient may be different. For
example, for (wide) cylindrical pores of diameter Db, we
have Db ) Vp/S.
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The interaction between the (main-chain) polymer
segments and the solid phase is described by an effective
interaction parameter c. Its precise definition is given
below (see Figure 3). For the moment it suffices to note
that c is negative when the segments experience hard-
core repulsion by the interface (SEC) and c is positive
in the case of attraction (AC). In the CC mode, c is close
to zero. More details about the magnitude of c in the
various regimes are given in section 3.4.

The effect of the end groups is accounted for through
an excess interaction parameter q, which measures the
deviation between the end groups and the main chain
units. Consequently, q ) 0 for a nonfunctional ho-
mopolymer. When the end group is more adsorption-
active than the main chain, q is positive, and when the
end group has a lower affinity for the surface than the
middle segments, q is negative. A more precise defini-
tion of q is given in section 4. For a monofunctional
polymer with only one specific end group, there is only
one q parameter. For difunctional polymers, two differ-
ent parameters q1 and q2 occur when the two end groups
are not the same.

2.2. Basic Equations. According to standard liquid
chromatography theory,1-3 the elution volume V is given
by

where Vi is the interstitial volume not belonging to
pores, Vp the pore volume, Vv ≡ Vi + Vp the void volume,
and K the distribution coefficient, sometimes referred
to as partition coefficient. This coefficient K is smaller
than unity in SEC and larger than unity in AC. In CC,
K is close to unity and K ) 1 in the critical point (or
compensation point). As will be discussed in section 3.4,
the CC regime has a certain width around the critical
point, depending on the chain length.

The distribution coefficient K may be expressed as

where æj is the average polymer volume fraction in the
pore and æb the bulk concentration, equal to the
concentration in the interstitial volume. The meaning
of æj is visualized in Figure 2, where the concentration
profiles æ(z), with 0 e z e D, are sketched. The pore
diameter D should be large enough to reach the bulk
concentration in the middle: æ(D/2) ) æb. The polymer
conformations at the pore walls are then the same as
at a single surface, and we can use simple polymer
adsorption theory. In SEC the extension of the profile
is of order R, in AC it is much smaller and of order unity,
in units b (more precisely, it is 1/c, see Figure 3).

The average concentration æj is related to the excess
adsorbed amount θex on a single surface, defined as

We express z, as D, R, and 1/c, in units b. The excess
amount θex is then obtained as the number of equivalent
monolayers. Clearly, θex > 0 in AC, θex ) 0 in the
compensation point, and θex < 0 in SEC.

Figure 1. Slit-like pore with diameter D and various types
of polymer: nonfunctional homopolymer (n), monofunctionals
(m), and difunctionals (d). The interaction distance δ is of order
of the bond length. When the segments are attracted by the
pore walls, they tend to accumulate in the interaction zones
of thickness δ; when they experience (hard-core) repulsion they
avoid these regions. In this sketch, the specific end groups
experience attraction and the main-chain units are repelled.

Figure 2. Concentration profiles in a slit-like pore of diameter
D in AC (top), in the critical point (middle), and in SEC
(bottom). The average concentration æj is indicated as the
horizontal dashed line. The thickness of the surface region is
of order R in SEC, but much less in AC (∼1/c, of order unity).

Figure 3. The end-point concentration profile æe(z) for ho-
mopolymers at a single surface (situated at z ) 0) and the
extrapolation length 1/c. In the case of attraction (AC) 1/c is
positive and equal to the layer thickness, for (hard-core)
repulsion (SEC) 1/c is negative. In the compensation point 1/c
) ∞ or c ) 0.

V ) Vi + KVp ) Vv + (K - 1)Vp (1)

K ) æj /æb (2)

θex ) ∫0

∞
(æ - æb) dz (3)
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The amount of polymer in the slit is Dæj , which equals
Dæb plus twice the excess on a single surface: Dæj )
Dæb + 2θex. Hence, æj ) æb + 2θex/D. From eq 2 we get

Therefore, if θex/æb as a function of R and c (and for
functionalized polymer also q) is known from theory, the
chromatographic elution volume V is obtained by sub-
stituting eq 4 into eq 1.

Equation 4 was derived for slit-like pores. For other
geometries, the numerical prefactor is different. For
(wide) cylindrical pores with diameter Db we have K -
1 ) (4/D)θex/æb. By using a slight modification, eq 4 is
even valid for nonporous chromatography in a packed
bed of, for example, small spheres. In that case, Db
should be replaced by Vl/S, with S the total area of the
spheres and Vl the liquid volume. Hence, for nonporous
chromatography K - 1 ) 2(Sb/Vl)θex/æb, and in eq 1 Vi
) 0 and V ) KVl.

In presenting the results of this paper, we use the
numerical prefactor for slit-like pores (eq 4).

3. Nonfunctional Homopolymer

3.1. The Excess Amount. There are two classes of
homopolymer adsorption theories giving θex. The first
type is a continuum model based upon solving the
Edwards equation,11,12 using a boundary condition at
the surface which defines c as the inverse of the so-called
extrapolation length,13 see Figure 3. The second is a
lattice model,14 where the boundary condition is ex-
pressed as a given segmental adsorption energy øs in
the lattice layer adjoining the surface. We have shown
before15 that the two approaches are basically equiva-
lent, and that the two adsorption parameters c and øs
can be related to each other. We do not give the precise
relation15 here, but mention that c increases monotoni-
cally with øs. At øs ) 0 (only hard-core repulsion) c )
-1,which corresponds to depletion. The compensation
point c ) 0 is found at øs ) øsc ) ln(6/5) (for a six-choice
cubic lattice), showing that a slightly attractive seg-
ment-surface interaction is needed to reach this
point. Positive values of c correspond to øs > øsc (adsorp-
tion).

Here we adopt the continuum model, which gives an
analytical expression for the ratio θex/æb for ideal chains
with radius of gyration R and a given value of c. The
model assumes a field which is zero for steps not
touching the surface, and is thus appropriate for dilute
systems as usually encountered in liquid chromatogra-
phy. We restrict ourselves to situations where θex is
proportional to æb. For the case of adsorption, this
means that we consider only the initial linear (Henry)
part of the adsorption isotherm, where packing effects
on the surface are not yet relevant.

The property that is computed is the end-point
concentration æe(z). In the homogeneous bulk solution,
æe(z) equals æb/N, since only one of the N segments is
an end segment (the starting point of a walk modeling
the polymer chain is distinguished from the end point).
In the interfacial region Næe(z) > æb when c > 0 (AC)
and Næe(z) < æb when c < 0 (SEC). The c parameter is
defined as the inverse of the extrapolation length (in
units b) as indicated in Figure 3: 1/c is the (dimension-
less) distance where the tangent at z ) 0 of the curve

æe(z) hits the abscissa axis. In the adsorption region 1/c
is also the thickness of the adsorption layer (in units
b).

The general (zero-field) solution of the Edwards
equation for long chains was obtained by Lepine and
Caillé11 and by Eisenriegler et al.12 These authors
derived an expression for the end-point concentration
æe(z|z′) at position z, given that the starting point of the
walk is at position z′. We do not give this general
equation here and show only three special cases needed
in this paper. The end-point distribution æe(z) of all
chains, needed to calculate θex, is obtained by integrat-
ing over z′. The contribution to æe(z) due to tails (starting
or ending at z ) 0) is found as æe(0). The contribution
due to loops (starting and ending at z ) 0) is equal to
æe(0|0). The results are

In these equations erf x is the error function and the Y
function, to be discussed in more detail below, is defined
as Y(x) ) ex2 erfc x, with erfc x ≡ 1 - erf x the
complementary error function.

Note that the interaction parameter in eq 5 occurs
only in the product cR; this combination cR is the control
parameter determining the interfacial properties of
polymers (and their chromatographic behavior). Equa-
tion 5a predicts quantitatively the qualitative features
of Figure 3: for z f ∞ Næe ) æb for any c, for c ) 0 Næe

) æb for any z, and in the interfacial region Næe > æb in
AC and Næe < æb in SEC.

For the calculation of θex in eq 3, we need the integral
∫æ dz, which is the total number of segments in the
system, or N times the number of chains (which equals
the number of end segments). Hence, θex ) ∫(æ - æb)
dz ) ∫(Næe - æb) dz. Upon integration of eq 5a
Eisenriegler et al.12 arrived at

Before applying this result to find the distribution
coefficient K from eq 4 and the elution volume V from
eq 1, it is useful to analyze the function Y(- x) and its
limiting forms for small |x| and large |x|. We note that,
for given R and c, θex is indeed proportional to æb.

At the adsorption side (positive c), the layer thickness
1/c decreases as c increases. The present description
breaks down when this layer thickness becomes smaller
than unity (again in units of the bond length b).
Therefore, there is an upper limit c ≈ 1 for which we
can apply eq 6. For chromatographic purposes this is
not a serious restriction since for strong adsorption AC
is hardly possible because the polymer is then retained
completely in the column.

3.2. The Function Y(-cR). The function Y(- x) and
its limiting forms are given by

K - 1 ) 2
D

θex

æb
(4)

æe(z) ) æb

N{erf z
2R

+ e-z2/4R2
Y( z

2R
- cR)} (5a)

æe(0) ) æb

N
Y(-cR) (tails) (5b)

æe(0|0) ) æb

N
R[cRY(-cR) + 1

xπ] (loops) (5c)

θex

æb
) R(Y(-cR) - 1

cR
- 2

xπ) (6)
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A plot of Y(- x) and these three limiting forms is given
in Figure 4. We will use these limiting forms repeatedly
in the remainder of this paper.

3.3. The Distribution Coefficient K for Homopoly-
mers. Upon substitution of eq 6 into eq 4 we obtain

The first two terms of eq 8 correspond to the well-known
Casassa result.16,17 The last term is due to segment-
surface interactions; it vanishes for large negative cR,
it compensates the second term in the compensation
point (K ) 1), and leads to K > 1 for positive cR. The
full eq 8 was obtained before18-20 in a more complicated
way. By combining eqs 1 and 8, the elution volume is
immediately obtained. A typical example for D ) 40 and
c ) -0.8 (SEC), c ) 0 (compensation point), and c ) 0.8
(AC) is given in Figure 5. The bottom scale gives the
distribution coefficient K; the scale at the top shows the
elution volume V.

Diagrams such as Figure 5 can be found in many
papers about liquid chromatography of polymers. In
SEC K < 1, the more so as N increases. In AC K > 1
and again the effect is stronger for longer chains. Note,
however, the different shapes of the SEC- and AC
curves, with a much stronger flattening of the elution
curves at the adsorption side. This is related to the
asymmetry of eqs 6 and 8 for negative and positive c,
which will be discussed in more detail in sections 5.2
and 5.4. In the compensation point, K ) 1 and V ) Vv
) Vi + Vp, independent of the chain length.

3.4. Critical Region. In Figure 5 we have included
a result for the critical point or compensation point c )
0. It is obvious that CC takes place not only at c ) 0
exactly but, since the control parameter is cR, at “cR
small” or “c2N small”. There is no sharp criterion to
define the critical region. However, it looks reasonable
to use c2N < 1 as a practical definition. Accordingly, we
define the critical region as

This criterion corresponds to |x| ) |cR| < 1/x6 ≈ 0.4,
which is the parameter range over which Y(- x) - 1 is
rather accurately described by the expansion 2x/xπ +
x2 (see eq 7b and Figure 4). According to eq 9, CC
requires a value for c that is very close to zero for large
N, but for shorter chains somewhat larger c values are
allowed.

Figure 6 presents this region in the coordinates N and
c. For oligomers, this region is relatively wide, but for
long chains it is very narrow. In the limit N f ∞, the
width approaches zero. We can translate this into eluent
composition (which determines c): for small N the

composition window for CC is relatively wide, for larger
N it becomes very narrow.

After substitution of eq 7b into eq 8, the distribution
coefficient in the CC region is found to be given
approximately by

so that at given c (i.e., a given eluent) K - 1 is

Y(- x) ≡ ex2
erfc(- x) (7)

Y(-x) ≈

{ 1
xπ( 1

- x
+ 1

2x3) x ) cR j -1 (SEC) (7a)

1 + 2x
xπ

+ x2 |x| ) |cR| j 0.4 (CC) (7b)

2ex2 x ) cR J 1 (AC) (7c)

K ) 1 - 4R

Dxπ
+ 2R

D
Y(-cR) - 1

cR
(8)

-x1
N

< c < x1
N

(9)

Figure 4. The function Y(-x) (solid curve) and its limiting
forms (dashed curves), which are appropriate for SEC (x j
-1), CC (|x| j 0.4), and AC (x J 1).

Figure 5. Elution diagrams calculated with eq 8, in the form
log N vs distribution coefficient K (bottom scale). The top scale
shows the conversion from K to the elution volume V, according
to eq 1. The pore diameter D was taken as 40 bond lengths.

Figure 6. Diagram indicating the occurrence of SEC, CC, and
AC in terms of N and c.

K - 1 ) 1
3D

cN (10)
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proportional to the chain length. This is remarkably
different from the behavior in the SEC and AC domains,
and could be used as a criterion to verify critical
retention conditions.

Inserting eq 9 into eq 10, we obtain the width of the
critical region in terms of distribution coefficient K(N,D):

Note that, whereas the CC region in terms of c(N)
narrows with increasing N (Figure 6), it widens in terms
of K(N). The reason, obviously, is the proportionality of
K - 1 with N according to eq 10, which changes the
N-1/2 dependence in eq 9 into an N1/2 dependence in eq
11.

Figure 7 shows curves similar to Figure 5, but now
for a variety of c values and with both a logarithmic
and a linear scale for N. The boundaries of the CC
region, given by K ) 1 ( xN/3D according to eq 11, are
indicated as the dotted curve. The widening window for
larger N, discussed above, is clearly visible. Within this
window, the approximate linearity K(N) as given by eq
10 shows up in Figure 7b. Upon crossing into SEC or
AC, the graphs K(N) in Figure 7b become curved,
upward in SEC (K < 1) and downward in AC (K > 1).
In SEC, 1 - K becomes proportional to xN (see section
5.2), whereas in AC K - 1 is exponential in N (see
section 5.4).

At a given eluent composition (fixed c), we can thus
play around with the chain length. Each curve K(N)
starts off at K ) 1 at N ) 1 (although the model is
inadequate for N ) 1) and is in the CC regime for
oligomers. However, it crosses the boundary toward
SEC or AC at a certain chain length. In other words,

the same solvent acts as a “critical solvent” for oligomers
and as a “SEC solvent” or “AC solvent” for longer chains.

4. Monofunctionals and Difunctionals

When the end groups are different from the main
units, there is an additional excess amount ∆θex due to
this difference. This additional amount is exclusively
due to conformations with the end segment on the
surface, i.e., in the interaction zone with thickness δ (in
units of b), see Figure 1. When the difference in
segmental adsorption energy between an end group and
a unit of the main chain is denoted as ∆øs, the end-point
concentration æe(z) at the surface (0 < z < δ) is increased
by a Boltzmann factor e∆øs with respect to nonfunctional
homopolymer with the same main-chain units. For
homopolymers, æe(z) is given by eq 5a; for monofunc-
tionals (m) we have æm

e (z) ) e∆øsæe(z) in the region 0 <
z < δ. The increment is (e∆øs - 1)æe(z). After multiplica-
tion by N and integration we find ∆θm

ex for monofunc-
tionals. The full result was derived in ref 21, but here
we restrict ourselves to the approximation æe(z) ≈ æe-
(0) in the ineraction zone, using eq 5b for æe(0); the
integration then boils down to multiplication with δ.
Defining a parameter q as

we may write the result as

We note that q has no upper limit at the positive side
(e∆øs may be large), whereas for negative ∆øs there is a
lower limit for q of order -1.

For difunctionals (d), the situation is slightly more
complicated. In general, we need two parameters q1 and
q2 when the two end groups are different. For the tail
conformations with only one end group adsorbed we
have, analogous to eq 13, contributions q1Y(-cR) and
q2Y(-cR) to ∆θd

ex/æb. The loop contribution (both end
groups adsorbed) follows in a similar way from eq 5c.
Hence, for asymmetric difunctionals:

Note that eq 14 reduces to eq 13 when q1 ) q and q2 )
0.

We can now replace θex in eq 4 by θm
ex ) θex + ∆θm

ex,
where θex is the nonfunctional homopolymer excess
given by eq 6, and similar for θd

ex. This boils down to
writing

Figure 7. As Figure 5, but for various c-values (indicated)
and with both a logarithmic and a linear scale for N. The
critical region (between the dotted curves) is given by |K - 1|
< xN/3D, see eq 11.

-
xN
3D

< K - 1 <
xN
3D

(11)

q ) δ(e∆øs - 1) (12)

∆θm
ex

æb
) qY(-cR) (13)

∆θd
ex

æb
) (q1 + q2)Y(-cR) +

q1q2

R [cRY(-cR) + 1
xπ]

(14)

Km ) K + ∆Km ∆Km ) 2q
D

Y(-cR) (15)

Kd ) K + ∆Kd

∆Kd )
2(q1 + q2)

D
Y(-cR) +

2q1q2

DR [cRY(-cR) + 1
xπ]

(16a)
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In these equations, K is the distribution coefficient for
nonfunctional homopolymer, given by eq 8. Simplified
expressions obtained with the expansions 7a-c will be
given later, see eqs 19, 24, and 25. Results for the
elution volumes Vm and Vd are obtained by substituting
Km and Kd, respectively, into eq 1. We may define ∆Vm
≡ Vm - V and ∆Vd ≡ Vd - V. Obviously, we have the
relations ∆Vm/Vp ) ∆Km and ∆Vd/Vp ) ∆Kd.

In the remainder of the text and in the results
presented, we restrict ourselves mainly to symmetric
difunctionals in which the two end groups are the same.
We have then only one q parameter (q1 ) q2 ) q) and
we use eq 16b. It is, however, straightforward to
generalize the discussion to asymmetric difunctionals,
using eq 16a.

It is sometimes useful to compare the behavior of
mono- and difunctionals. In the following, we assume
that the end groups of the monofunctionals and the
(symmetric) difunctionals are the same. We can then
find relatively simple expressions for ∆Kd/∆Km and ∆Kd
- 2∆Km. These are

In the following sections, we apply eqs 8 and 15-18
to find the parameters D, c, and q from experimental
elution data on non-, mono-, and (symmetric) difunc-
tional polymers in SEC, AC, and CC. The parameter D
may be transformed into the surface area S ) 2Vp/Db,
which constitutes an new method to determine the
surface area S.

5. Procedure for Determining the Pore
Diameter and the Interaction Parameters from
Experiment

5.1. General. In this section we assume that the
experimentalist has non-, mono-, and difunctionals of
various chain lengths at his or her disposal and can
measure the elution volume V(N) in various eluents.
This enables a full characterization of the fundamental
parameters D, c, and q. In any eluent, three curves V(N),
Vm(N), and Vd(N) are then available over a range of N.
Without making any assumption about the chromato-
graphic mode (SEC, CC, or AC), the three parameters
D, c, and q could then be obtained by determining the
best fit of the three general (nonexpanded) eqs 8, 15 and
16 to the three experimental elution curves. This would
require special software for the fitting procedure, which
is not available at the moment (but not difficult to
develop). We just mention this possibility, and concen-
trate in the following on the qualitative behavior in the
three regimes SEC, AC, and CC, using expanded ver-
sions of eqs 8 and 15-18. We will not consider very short
chains and plot, as a rule, only data for N > 10.

For the pore diameter we choose D ) 40 in all cases.
This imposes an upper limit to the chain length, as the
present treatment is valid for R , D. Assuming Rmax ≈
D/2 as the maximum allowed radius of gyration (where

the two “single” profiles in Figure 2 would start to
interfere such that æ(D/2) would exceed æb), we estimate
Rmax ≈ 20 or Nmax ) 6Rmax

2 of order 2000. Hence, the
following plots are expected to be valid for N e 2000,
which number corresponds to a molar mass of order 100
kg/mole.

5.2. SEC. In SEC we assume c < -1/xN, in line
with eq 9. In fact, in this section we will mainly consider
values of the control parameter cR below -1. As
mention in section 3.1, c ) -1 corresponds to an inert
impenetrable surface (øs ) 0, only hard-core repulsion),
and larger values of -c occur when there is an ad-
ditional surface-segment repulsion.15,18

First we summarize the expanded equations for this
case, obtained from eqs 8 and 15-18 by inserting eq 7a
for the Y-function. To avoid confusion about the sign,
we use the notation |cR| for uneven powers of cR:

As noted already below eq 8, the leading term in eq 19a
is the Casassa result.16,17

Figure 8 gives a typical elution diagram for a non-
functional homopolymer with c ) -1 and for mono- and
(symmetric) difunctionals with c ) -1 and q ) 4. The
solid curves in Figure 8 are the exact solutions according
to the full expressions 8, 15, and 16; the dashed curves

(symmetric)

∆Kd ) 4q
D

Y(-cR) + 2q2

DR[cRY(-cR) + 1
xπ] (16b)

∆Kd

∆Km
) 2 + qc[1 + 1

xπ

1
cRY(-cR)] (17)

∆Kd - 2∆Km ) 2q2

DR[cRY(-cR) + 1
xπ] (18)

Figure 8. Elution diagram for nonfunctional homopolymer
(n) and for monofunctional (m), and difunctional (d) polymers,
for SEC (c ) -1), adsorption-active end groups (q ) 4), and D
) 40. Solid curves are the full expressions 8, 15, and 16, and
the dotted curves are the expansions 19a-c. The differences
1 - K, ∆Km and ∆Kd and the chain lengths Nm and Nd where
K ) 1 are indicated.

1 - K ) 4
xπ

R
D(1 -

xπ
2|cR| + 1

2(cR)2) (19a)

∆Km ) 2
xπ

|q/c|
DR (1 - 1

2(cR)2) (19b)

∆Kd ) 4
xπ

|q/c|
DR (1 - 1

2(cR)2
+ |q/c|

4R2) (19c)

∆Kd - 2∆Km ) 1
xπ

(q/c)2

DR3
(19d)

1 - K
∆Km

) 2R2

|q/c|(1 -
xπ

2|cR| + 1
(cR)2

-
xπ

4|cR|3) (19e)

∆Kd

∆Km
) 2 + |q/c|

2R2
(19f)
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were calculated with the expansions 19a-c. The differ-
ences 1 - K, ∆Km, and ∆Kd are indicated in the figure.

A nonfunctional polymer with c ) -1 is in the SEC
regime, like the curve for c ) -0.8 in Figure 5.
Consequently, K is below unity and 1 - K is positive. A
monofunctional polymer with adsorption preference for
the end group (q ) 4 in this case) has a higher value
for the distribution coefficient (∆Km > 0) and, hence,
for the elution volume V, so that Km ) 1 at some chain
length Nm, which is well above unity. For difunctional
polymers this effect is, obviously, more pronounced,
giving a value Nd (where Kd ) 1) higher than Nm. In
the example of Figure 8, Nm ) 16.6 and Nd ) 35.6 for
the exact results.

In the next section, we will show that Nm is roughly
proportional to the ratio q/c: Nm ) R|q/c|, where the
numerical factor R equals 6 for small |c| (in the CC
regime) and is somewhat lower for large negative c
(SEC), approaching 3 for c f -∞. Moreover, the ratio
Nd/Nm is close to (but slightly higher than) 2 over the
whole range of negative c. In Figure 8, |q/c| ) 4 and,
with Nm ) 16.6, R is found to be 4.1, which is in the
expected range. Also, the ratio Nd/Nm, which is 35.6:
16.6, is close to (but slightly above) 2.

Using only nonfunctionals, a plot of (1 - K)/R as a
function of 1/R provides D from the intercept and the
product Dc from the initial slope, see eq 19a. Hence, c
is obtained from the ratio of initial slope and intercept.
This may be not very accurate, though, because the
higher-order terms in eq 19a may lead to a rather strong
curvature, which makes the determination of the initial
slope difficult.

From data on functionalized samples there are several
options. Equation 19f contains only the ratio q/c which,
in principle, may be determined from the slope of a plot
of the ratio ∆Kd/∆Km as a function of 1/R2 or 1/N. This
ratio q/c should then be consistent with the value of Nm
) R|q/c|. A plot of ∆Kd - 2∆Km against 1/R3 according
to eq 19d then would give (q/c)2/D from the slope. From
the combination of the two plots q/c and D are obtained
separately.

An alternative would be to use eq 19e and plot the
combination R-2(1 - K)/∆Km against 1/R: the intercept
gives again the ratio q/c and the initial slope provides
q so that both parameters could, in principle, be found.
However, again there is the problem of curvature which
makes the procedure inaccurate.

The most attractive way to find c, q, and D is to
combine eqs 19b and c, plotting R∆Km and R∆Kd as a
function of R-2 or 1/N. Figure 9 gives an example for c
) -1 and q ) 5 and 10. The solid curves are the full
numerical result obtained from eqs 15 and 16. The
dotted lines are the expansions 19b,c. To have the same
intercept (4/xπ)|q/c|/D, we plotted 2R∆Km and R∆Kd in
one diagram.

The ratio of slope and intercept for the monofunction-
als in Figure 9 is -c-2/2, from which c is immediately
obtained. The negative sign of the slope is obvious from
the figure. For the difunctionals, the ratio of slope and
intercept is -c-2/2 + |q/c|/4. Hence, q is now also
obtained. The contribution of this second term changes
the negative slope for monofunctionals into a positive
one for difunctionals (if |qc| is above 2). Finally, by
inserting the value of |q/c| into the common intercept,
the pore size D (inversely proportional to the surface
area S) is also obtained.

There is still another way to determine D or S.
Consider Figure 10, which gives an elution diagram for
non- and monofunctionals in the SEC mode. The en-
closed area A between N1 and N2 is given by A ) 0.43
∫∆Kmd ln N, where ∆Km is given by eq 19b and d ln N
) 2d ln R ) (2/R) dR. After carrying out the integration,
the result is

which constitutes yet another relation between the three
parameters c, q, and D. In most cases the last term will
be small, so that D can be found when |q/c| is known,
or conversely.

5.3 Nm and Nd. In Figure 8 we have seen that a
homopolymer in the SEC regime (negative c and K -
1) can be modified by one or two sticky end groups (q >
0) such that Km ) 1 and Kd ) 1 at chain lengths Nm
and Nd, respectively. In the next section (Figure 12) we
will see that a similar effect may occur when the signs
of c and q are inverted: a weakly adsorbing homopoly-
mer (positive c and K - 1) can be made “neutral” by
end groups that are repelled by the stationary phase.
In this section we calculate the values of Nm and Nd.

To see the trends, we first consider the SEC region
where nonfunctional homopolymer is depleted from the
surface, with |K - 1| proportional to R. For monofunc-
tionals this depletion effect may be compensated by
adsorbing conformations with a weight proportional to
q and Y(-cR), where q is positive and Y(-cR), the

Figure 9. Plot of R∆Kd (increasing lines) and 2R∆Km (de-
creasing) against R-2, for c ) -1 and q ) 5 (bottom) and q )
10 (top). The solid curves were computed with eqs 15 and 16,
the dotted lines with eqs 19a,b.

Figure 10. Elution diagram for nonfunctional and monofunc-
tional polymers in the SEC mode. The enclosed area A between
N1 and N2 gives D, according to eq 20.

A ) 4|q/c|
Dxπ ln10[( 1

R1
- 1

R2
) + 1

3c2( 1
R1

3
- 1

R2
2)] (20)
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partition function of a chain grafted to the surface, is
of order 1/|cR| when the surface is inert or repelling.
Hence, the chain length Nm ) 6Rm

2 is found from the
condition Rm ∝ q/|cRm| or Nm ∝ |q/c|.

The general equation to calculate Nm for any c (both
negative and positive) and q is found from Km ) K +
∆Km ) 1. With eqs 8 and 15 we get

where xm ) cRm ) cxNm/6 and Ym ) Y(-xm), and
where the product qc is negative. Equation 21 is
implicit, but xm and Nm ) 6xm

2 /c2 can be found numeri-
cally as a function of q and c. Figure 11 (solid curve)
shows this solution for |q| ) 0.5 (i.e., q ) 0.5 for negative
c and q ) -0.5 for c > 0). Positive q (and negative c)
corresponds to the CC/SEC region for (weakly) depleting
chains with an adsorption-active end group; negative q
(and small positive c) refers to CC/AC region for
(weakly) adsorbing chains with a repulsive end group.
The inset of Figure 11 presents Nm as a function of c.
The value of Nm diverges as |c| f 0, but xm behaves
smoothly around the compensation point c ) 0.

For the SEC region (large negative c), an explicit
approximation is obtained by using Ym ≈ -1/(xmxπ)

according to eq 7a. From eq 21 we get 2xm
2 + xπ xm + 1

+ qc ) 0, which may be solved for xm. For large negative
xm, this solution reduces to xm

2 ) |qc|/2 or Nm ) 3|q/c|.
In the CC region |xm| is small. Then the combination

Ym - (2/xπ)xm - 1 is nearly equal to xm
2 (see eq 7b), and

eq 21 reduces to xm
2 + qcYm ) 0. By inserting again the

expansion eq 7b, this could be written as a quadratic
equation that can be solved for xm as a function of qc,
but a reasonable approximation is already obtained by
setting Ym ≈ 1, which gives

Note that in this approximation the dependences |xm-
(c)| and Nm(c) in the CC region are symmetrical around
c ) 0.

The dashed curve in Figure 11 gives xm according to
the approximation eq 22a. The approximation is ac-
curate for small |c|, as expected, but it is still fair for
larger |c|. When c is negative, xm

2 and Nm are overesti-
mated by eq 22, whereas for positive c these quantities
are underestimated. This shows that, unlike the ap-
proximation 22, the exact solution is not symmetrical.

For large positive c (AC region) Nm and Nd do not
exist: one or two repulsive end groups cannot compen-
sate the effect of a large number of strongly adsorbing
main-chain units. As mentioned below eq 13, q has a
lower limit of order -1. Mathematically, the nonexist-
ence of Nm and Nd for large positive c follows from eq
21 in the form 1 - |qc| ) (1 + 2π-1/2xm)/Ym. For c > 0
the right-hand side is positive, so there is only a solution
for c < 1/|q|. However, since the model breaks down for
c > 1, we should apply eq 21 only for c < 1.

We conclude that for monofunctionals Nm is rather
well described by the approximate relation eq 22, but
in the SEC regime the numerical prefactor is smaller
than 6. However, it never drops below 3.

For difunctionals, the general equation to obtain Nd
numerically is found from eqs 8 and 16:

where xd ) cRd and Yd ) Y(-xd). If desired, this equation
may be solved numerically. We did this but we will not
give the result. These calculations show that in all cases
xd

2 ≈ 2xm
2 or Nd ≈ 2Nm. The reason is that the last term

in eq 23, which is due to loop conformations, is small.
If this term is neglected, eq 23 reduces to eq 21 with q
replaced by 2q. Hence, eq 22 with the same replacement
is a very good approximation, and we will not go into
further detail. We just mention that for negative c (e.g.,
Figure 8) the ratio Nd/Nm, as obtained numerically, is
slightly above 2, whereas for positive c (e.g., Figure 12)
it is slightly smaller than 2. However, in both cases Nd
) 2Nm is a very accurate approximation.

5.4. AC. In adsorption chromatography (AC) we have,
according to eq 9 and Figure 6, c > 1/xN. Moreover, we
have to limit ourselves to c < 1 so that the window for
c is 1/xN < c < 1. If we consider chain lengths for
which cR is higher than +1, we can insert eq 7c into
eqs 8 and 15-18, which gives the analogue of the set of
eqs 19 for the AC regime:

Figure 11. The parameters xm (main figure) and Nm (inset)
for monofunctionals as a function of c for |q| ) 0.5 (with q
positive for negative c and negative for positive c). Full curves
are the solution of eq 21. The dashed curve in the main figure
is the approximation 22a.

Figure 12. Elution diagram for nonfunctionals (n), mono-
functionals (m), and difunctionals (d) in the AC mode (c ) 0.5)
with adsorption-inactive end groups (q ) -1) and D ) 40. Solid
curves are the full expressions (eqs 8,15,16), dotted curves are
the expansions 24a-c. The differences K - 1, ∆Km, and ∆Kd
and the chain lengths Nm and Nd where K ) 1 are indicated.

(1 + qc)Ym - 2
xπ

xm - 1 ) 0 (21)

xm
2 ≈ |qc| Nm ≈ 6|

q

c
| (22a,b)

(1 + 2qc)Yd - 2
xπ

xd - 1 + q2c2(Yd + 1

xdxπ) ) 0

(23)
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When q is positive, the elution diagrams for function-
alized samples are shifted to the right with respect to
those of nonfunctional homopolymer, for which in AC
K > 1 for any N (see Figure 5). The elution volumes
then become too large to be of much practical use. A
more interesting situation is found when the end groups
are repelled by the surface, so that a shift to the left
shows up. In this case, q and the increments ∆Km and
∆Kd are negative. Figure 12 shows an example for c )
0.5, q ) -1 and D ) 40. The solid curves are the exact
solutions of eqs 8, 15, and 16, and the dashed curves
were calculated with eqs 24a-c. As in Figure 8, the
differences K - 1 (now positive) and ∆Km and ∆Kd (both
negative) are indicated.

As anticipated in the previous section, there exists
again a chain length Nm where Km ) 1 and a chain
length Nd where Kd ) 1. In this example Nm ) 19.4 and
Nd ) 37.5 for the numerical solution, whereas the
approximate eq 22 would give 6 × 2 ) 12 for Nm. As
mentioned in section 5.3, Nm is underestimated by eq
22 when c is positive. The ratio Nd/Nm in Figure 12 is
very close to (but slightly below) 2, as expected.

Also for the AC regime it is possible to find the
parameters c, q, and D. In Figure 9 we used the
N-dependence of both ∆Km and ∆Kd, and the same can
be done here. According to eq 24b, a plot of ln(-∆Km)
against R2 ) N/6 should give a straight line with
intercept Im ) ln|4q/D| and slope c2. Similarly, such a
plot for ∆Kd would give an intercept Id ) ln|4q/D| + ln-
(2 - |qc|) and again a slope c2. Hence, from the slopes
we get c, and the difference Id - Im ) ln(2 - |qc|) then
provides q. Inserting this value of q into Im or q and c
into Id gives the pore diameter D.

The value of Id - Im should be consistent with the
ratio ∆Kd/∆Km which, according to eq 24f, equals 2 -
|qc|, for any chain length. A second check is possible by
plotting ln(∆Kd - 2∆Km) against R2, according to eq 24d.
The slope should be again c2, and the intercept ln(4cq2/
D). In principle, also eqs 24a and e could be used as a
check on the consistency of the results. However, in
general these equations cannot easily be linearized, so
that a numerical procedure would be required.

We note, however, that for long enough chains the
leading term in eq 24a is the exponential. Hence, a plot
of ln(K - 1) against N ) 6R2 should give a straight line
with slope c2/6 and intercept ln(4/Dc). Such plots were
used35 to interpret the well-known empirical Martin
rule,36 according to which the logarithm of the “capacity

factor” k′ ≡ (V - Vv)/Vv is linear in the chain length N.
Since k′ is proportional to K - 1 (k′ ) (K - 1)Vp/Vv), eq
24a gives a theoretical backing of this Martin rule.

5.5. CC. In critical chromatography we consider the
case c2N < 1 or cR < 1/x6, see Figure 6. Then the
expansion 7b can be substituted into eqs 8, and 15-18.
We restrict ourselves to terms linear in c (where c may
be positive or negative) and find

Both K and Km ) K + ∆Km increase monotonically
with R when c is positive (and decrease when c is
negative). An example for nonfunctionals with c )
-0.05, 0, +0.05 and for monofunctionals with the same
c values and q ) 1 (adsorption-active end groups) is
given in Figure 13. Again the solid curves are the full
numerical results (eqs 8 and 15), and the dotted curves
are the expansions 25a,b.

The behavior of the nonfunctional homopolymer (left
part in Figure 13) is the same as in Figures 5 and 7,
with K approaching unity for short chains. We note that
a plot of K(N) with a linear scale for N would give a
(nearly) straight line. Due to the additional effect of the
end group, the curves for the monofunctionals in Figure
13 are shifted to the right. The magnitude of this shift
for c ) 0 (the vertical dashed lines in Figure 13) is 2q/D
according to eq 25b, which is 0.05 in this case. For c *
0 the shift ∆Km is incremented with an amount (4q/D)-
cR/xπ, which is linear in c and R.

Figure 13. Elution diagram for nonfunctionals (n) and
monofunctionals (m) in the CC mode (c ) (0.05) with adsorp-
tion-active end groups (q ) 1) and D ) 40. Solid curves are
the full expressions (eqs 8,15), dotted curves are the expansions
25a,b.

K - 1 ) 2c
D
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∆Km )
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∆Kd )
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q
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)

q
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R) (25e)
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Rxπ
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∆Km )
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For difunctionals, ∆Kd as a function of R is nonmono-
tonic. The term (4/xπ)cR in eq 25c increases with R,
the term (q/xπ)/R decreases. At low R the latter term
dominates and ∆Kd decreases, for long chains ∆Kd
increases because of the former term. The chain length
at which ∆Kd reaches a minimum follows from d∆Km/
dR ) 0, resulting in Rmin

2 ) (1/4)q/c or Nmin ) (3/2)q/c.
The reason for the minimum in ∆Kd is the balance

between energy and entropy. For short chains the
energy wins: both end groups will be adsorbed. As the
chains increase in length, the fraction of chains with
one end dangling into solution (see Figure 1) increases,
which decreases the overall adsorption activity and the
value of K. The relatively small number of main-chain
units with a weak surface affinity cannot compensate
this entropy effect. As the chains become very long, the
entropic penalty for having both end groups on the
surface becomes less and the large number of weakly
adsorbing middle chain segments tips the balance to a
stronger retention.

Figure 14 shows elution diagrams for nonfunctionals
(left), monofunctionals (middle), and difunctionals (right),
for q ) 4 and c ) 0.01, 0.02, and 0.04. Nonfunctional
homopolymers behave as in Figure 13 for positive c,
with K close to unity. The curves for the monofunction-
als are shifted to the right by an amount of roughly 2q/D
(0.2 in this case), as in Figure 13. For K and Km, only
the exact solutions are shown; the differences with the
expanded versions are similar to those in Figure 13.

The difunctionals in Figure 14 exhibit the nonmono-
tonic behavior discussed above, and the curves are
shifted further to the right, corresponding to stronger
retention. In this case both the numerical results (eq
16, solid) and the expansions (eq 25c, dotted) are shown.
As discussed above, ∆Kd has a minimum at R ) (1/2)
xq/c or N ) (3/2)q/c. For the parameters of Figure 14
this is at N ) 600 (c ) 0.01), N ) 300 (c ) 0.02), and N
) 150 (c ) 0.04), respectively. Because of the contribu-
tion (2/D)cR2 in eq 25a, the minimum in Kd ) K + ∆Kd
is at a value of N which is lower (in this case by a factor
of roughly 2).

As far as we know, a “loopy” elution diagram for
difunctionals (as in Figure 14) has not been found
experimentally as yet. It would be interesting to see
whether our theoretical prediction can be verified in
carefully designed experiments.

If experimental data for nonfunctionals, monofunc-
tionals, and difunctionals are available, it is again
possible to find the parameters c, q, and D. A plot of
∆Kd/∆Km against 1/R according to eq 25f gives q from
the slope. In principle, the intercept would then give c
but because of the small value of c this intercept
deviates only very little from 2, so that this procedure
is inaccurate. A better alternative is a plot of ∆Km/-
(K - 1) against 1/R2 ) 6/N according to eq 25e. Although
such a plot is not strictly linear due to the term 2R/xπ,
this term is relatively small when 1/c is large. Hence,
the slope of such a nearly straight line gives a reason-
able estimate of the ratio q/c and of c.

Once q and c are known, the pore diameter may be
found from either eq 25a,b, or d, plotting K - 1 against
1/R2, ∆Km against R, or ∆Kd - 2∆Km against 1/R.
Because of the nonmonotonic behavior of ∆Kd, eq 25c is
less suitable to obtain the parameters. However, this
equation may be used to check the results numerically.

5.6. The Critical Point. Finally, we consider the
special case c ) 0, which is the critical point for
nonfunctional homopolymer, with K ) 1 for any chain
length. From eq 25a,b we find for mono- and difunc-
tionals

Hence, Km is still independent of the chain length, but
Kd decreases with R, which is caused by a decreasing
fraction of chains adsorbed with both ends. Equation
eq 26 is illustrated graphically in Figure 15 for q ) +1
(dashed) and for q ) -1 (dotted).

The following conclusions may be drawn from this
Figure. (i) In the critical point all homopolymers are
eluted at an elution volume V, which is equal to the void
volume Vv. This is a well-known result.18-20 (ii) For
monofunctionals there is also no chain-length depen-
dence. However, these are eluted at a different elution
volume Vv + ∆Vm, where ∆Vm ) 2Vpq/D. (iii) The
difference ∆Vd for difunctionals depends on molar mass
and is linear in 1/R. We have ∆Vd ) Vp∆Kd where ∆Kd

) 4q/D + (2q2/Dxπ)‚1/R. Hence, by plotting ∆Vd as a
function of 1/R, the intercept gives q/D and the slope
q2/D. The ratio of slope and intercept then provides q,
and D (or S) is obtained as well. An experimental check
for poly(ethylene oxide) end-capped with ether groups
was reported recently.37

Figure 14. Elution diagram for nonfunctionals (n), mono-
functionals (m), and difunctionals (d) in the CC mode (c ) 0.01,
0.02, 0.04) with strongly adsorption-active end groups (q ) 4)
and D ) 40. For the difunctionals, the expansion 25c is
indicated as the dotted curves.

Figure 15. Elution diagram for nonfunctionals (n), mono-
functionals (m), and difunctionals (d) in the critical point (c )
0), for q ) +1 (dashed) and q ) -1 (dotted).

Km ) 1 + 2
D

q Kd ) 1 +
2q

D (2 +
q

Rxπ) (26a,b)
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We conclude with some remarks on asymmetric
difunctionals in the critical point. We do not show any
results, but mention that also in this case ∆Kd (and ∆Vd)
is proportional to 1/R. In this case the intercept gives
(q1 + q2)/D and the slope q1q2/D, as follows from eq 16a.
To obtain q1 and q2 separately, additional information
from monofunctionals (with end-group parameters q1 or
q1, respectively) is needed.

There is an interesting consequence of these relations.
The slope of a plot ∆Kd(1/R) in the critical point should
be positive if both end groups are adsorption-active, but
also when they are both repelled. However, if one group
is adsorbing and the other repelled, the slope is nega-
tive. Now suppose that we have a “standard homopoly-
mer” with only a small difference q1 or q2 between the
ends and the middle segments. This small difference
cannot be detected by the usual methods because the
slope (proportional to q1q2) is small. When this polymer
is modified by one strongly adsorbing (or strongly
repelling) end group with large |q2|, the slope is consid-
erably enhanced, and it might be possible to determine
the small value of q1 of the original polymer in this way.

Experimental work in the critical point is not easy,
but possible.3-10,22-32 It is thus also possible to verify
the above conclusions, for which the experiments are
planned in the group of Trathnigg.3,26,34,37

6. Discussion

We have shown in this paper that, from carefully
designed experiments, it should be feasible to find the
pore diameter D, the interaction parameter c for the
main chain units, and the (excess) end-group interaction
q. We derived the relations from a theoretical point of
view, and it remains to be seen whether our proposals
work, and what the experimental accuracy is. A crucial
point is, obviously, the availability of a series of non-
functional homopolymers and (at least) a set of mono-
functional samples of varying chain length. Optimal
results are obtained when also difunctionals are avail-
able. Here lies a challenge for the synthetic chemist and
the chromatographic experimentalist. Some examples
of such well-characterized samples have already been
reported.32-34,37 When more become available, we are
confident that many of our suggestions will indeed lead
to a better understanding and characterization of
chromatographic systems in various regimes (SEC, CC,
AC).

When such experiments are performed, one needs
criteria to distinguish the various types of behavior and
to establish whether a certain polymer sample is really
nonfunctional or a well-defined functionalized polymer.
Some of those criteria can be found from the chromato-
graphic behavior. We briefly discuss two of them.

One question is how to discriminate between non-
functional and monofunctional polymers. The best way
is in SEC, where a plot of the elution volume V against
the radius of gyration R should give a straight line for
nonfunctionals of sufficiently high chain length (see eq
19a), with a slope that is proportional to the surface area
S. For monofunctionals, on the other hand, we have an
additional contribution to V due to the end groups; this
contribution is proportional to 1/R (see eq 19b) so that
a plot of V against R is no longer linear. This linearity
may therefore be a good criterion to see whether a real
polymer can be considered to be nonfunctional (q ) 0).

In this paper, we discussed mainly symmetrical
difunctionals with identical end groups (although the

equations for the asymmetric case were presented). To
check whether an experimental difunctional is really
symmetric, one can compare the elution behavior of
non-, mono-, and difunctionals in the critical point (c )
0), choosing the proper eluent for the homopolymer (V
) Vv). Then the difference ∆Vd - 2∆Vm as a function of
1/R should be a straight line with zero intercept for 1/R
) 0 (see eq 25d for c ) 0). This zero intercept does not
apply for asymmetric difunctionals and is therefore a
criterion for the symmetry.

We presented several methods to determine the pore
size D (or the surface area S), using the elution
properties of functionalized and non-functionalized poly-
mer. In some cases it might be possible to get an
estimate of S from experiments with nonfunctionals
only. To that end we consider the boundaries of the CC
region. With this region, the elution volume is linear in
N: according to eq 25a K - 1 ) (3D)-1cN or V ) Vv +
(bS/3c)c2N. This linear dependence holds up to |c2N| ≈
1; for longer chains in a given eluent we enter either
the SEC regime or the AC regime, and V(N) will deviate
from the linear behavior. Since this crossover happens
at cxN ≈ (1, we get a rough estimate of S from the
width (in terms of the elution volume) of the linear
region, which is bS/3 c. Indeed, in a plot K(N) (Figure
7b) the lines are straight in the critical region, and
become curved in SEC or AC.

The most widely used mode of chromatography is SEC
for (supposedly) nonfunctionals. The standard descrip-
tion is based upon the Casassa result: K ≈ 1 - (4/
xπ)R/D, which is the leading term of eq 19a and is the
appropriate form for strong repulsion (c < -1). From
eq 19a we obtain a more accurate form for smaller |c|:
K ) 1 - (4/xπ)R/D + 2/|Dc|. When we interpret this in
terms of an “effective coil size” Reff, we may write K )
1 - (4/xπ)Reff/D, where the effective coil radius is
defined as Reff ) R - (xπ/2)/|c|. The Casassa result
corresponds to Reff ) R, but for smaller |c| the effective
coil size decreases. Extrapolating this result toward the
critical point, we could say that in that point Reff ) 0:
in the critical point homopolymer chains are “invisible”.

Finally, we repeat the remark made at the end of
section 2: the theory presented in this paper applies
not only to a porous stationary phase (with average pore
diameter D and surface area S) but also to “nonporous
chromatography” using small solid particles. In this case
eq 8 for the distribution coefficient K is still valid, but
in the “standard relation” V ) Vi + KVp we should put
Vi ) 0 (no interstitial volume) and Vp ) Vl (liquid
volume).
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